In the present paper, we introduce a multiple Ramanujan sum for arithmetic functions, which gives a multivariable extension of the generalized Ramanujan sum studied by D.R. Anderson and T.M. Apostol. We then find fundamental arithmetic properties of the multiple Ramanujan sum and study several types of Dirichlet series involving the multiple Ramanujan sum. As an application, we evaluate higherdimensional determinants of higher-dimensional matrices, the entries of which are given by values of the multiple Ramanujan sum.
Introduction
In 1918, Ramanujan [16] studied the sum
where, in the first sum, l runs over a reduced residue system modulo k with gcd(l, k) = 1, e(r, n) := exp(2π √ −1n/r), and μ is the Möbius function. The sum c(k, n) is called the Ramanujan sum (or the Ramanujan trigonometric sum) and is widely investigated in connection with, for example, even arithmetic functions [7, 8] and cyclotomic polynomials [13, 14] . See [12] for the arithmetic theory of the Ramanujan sum. Among several generalizations and variations of c(k, n), Anderson and Apostol [1] (see also [2] ) considered the sum
where f and g are arithmetic functions. Clearly, S f,g (k, n) extends the right-most expression in formula (1.1) and hence gives a generalization of the Ramanujan sum.
Motivated by the study of the above generalized Ramanujan sum, in the present paper, we examine the following type of multiple sum for arithmetic functions f 1 , . . . , f m+1 ;
where gcd(n 1 , . . . , n j +1 ) is the greatest common divisor of n 1 , . . . , n j +1 . We call this a multiple Ramanujan sum for f 1 , . . . , f m+1 . Notice that the above expression gives the generalized Ramanujan sum (1.2) when m = 1 and, moreover, the Dirichlet convolution f 1 * · · · * f m+1 of f 1 , . . . , f m+1 in the "diagonal case" n 1 = · · · = n m+1 . The present paper is organized as follows. In Sect. and study its fundamental properties as a multivariable arithmetic function, such as the degeneracies and the multiplicativity (see [20] for the theory of multivariable arithmetic functions). Then, since S
belongs to the class of even arithmetic functions (mod n 1 ) as a function of n 2 , . . . , n m+1 in the sense of Cohen [8], we calculate its finite Fourier expansion, which any even arithmetic function possesses. This expression is important with respect to Sect. 4. In Sect. 3, we study several types of Dirichlet series having coefficients that are given by
. We treat not only single-variable Dirichlet series but also multivariable Dirichlet series. For instance, an analogue of the formula of Borwein and Choi [3] , which contains the classical Ramanujan formula concerning the divisor function σ a , is obtained. Section 4 is devoted to a higher-dimensional generalization of the socalled Smith determinant [18] . We evaluate higher-dimensional determinants (hyperdeterminants) of higher-dimensional matrices (hypermatrices), the entries of which are given by values of S (γ 1 ,...,γ m ) f 1 ,...,f m+1
